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Abstract
For vertices u and v in an oriented graph D, the closed interval I [u; v] consists of u and v
together with all vertices lying in a u− v geodesic or v− u geodesic in D. For S ⊆V (D), I [S]
is the union of all closed intervals I [u; v] with u; v ∈ S. A set S is convex if I [S] = S. The
convexity number con(D) is the maximum cardinality of a proper convex set of V (D). The
nontrivial connected oriented graphs of order n with convexity number n− 1 are characterized.
It is shown that there is no connected oriented graph of order at least 4 with convexity number
2 and that every pair k, n of integers with 16k6n− 1 and k = 2 is realizable as the convexity
number and order, respectively, of some connected oriented graph. For a nontrivial connected
graph G, the lower orientable convexity number con−(G) is the minimum convexity number
among all orientations of G and the upper orientable convexity number con+(G) is the maximum
such convexity number. It is shown that con+(G)= n− 1 for every graph G of order n¿2. The
lower orientable convexity numbers of some well-known graphs are determined, with special
attention given to outerplanar graphs. ? 2002 Elsevier Science B.V. All rights reserved.
MSC: 05C12; 05C20
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1. Introduction
Convexity is a fundamental concept occurring in geometry, topology, and functional
analysis. Speci>cally, a set A of points in a metric space (X; d) is convex if for every
two points x; y ∈ A, every geodesic (shortest arc or path) connecting x and y lies
completely in A. The convex hull [A] of a set A⊆X is the smallest convex set in X
containing A and is the intersection of all convex sets containing A.
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The best-known metric space in graph theory is (V (G); d), where V (G) is the vertex
set of a connected graph G and d(x; y) is the distance between two vertices x and y
of G de>ned as the length of a shortest x− y path. An x− y path of length d(x; y) is
also referred to as an x − y geodesic. A set A of vertices in G is convex if for every
two vertices x; y ∈ A, the vertices on every x − y geodesic belong to A. Obviously,
V (G) itself is a convex set. The convex hull [A] of a set A⊆V (G) is the smallest
convex set in G containing A.
We quote from the initial paragraph of the foreword to the book by Bonnesen and
Fenchel [1]: “Convex >gures have always played an important role in geometry. · · ·
(Minkowski) created the formal tools appropriate for problems about convex regions
and bodies · · · (and) above all opened the way to various applications · · ·”. Convexity
in graphs is discussed in the book by Buckley and Harary [2] and studied in [3] and
[5]. In this paper, we study convexity in oriented graphs.
The (directed) distance d(u; v) from a vertex u to a vertex v in an oriented graph
D is the length of a shortest directed u− v path in D. As with graphs, a directed u− v
path of length d(u; v) is referred to as a u− v geodesic. A vertex w is said to lie in a
u−v geodesic P if w is an internal vertex of P, that is, w is a vertex of P distinct from
u and v. The closed interval I [u; v] consists of u and v together with all vertices lying
in a u− v geodesic or in a v− u geodesic in D. Hence, if there is no u− v geodesic
or v− u geodesic in D, then I [u; v]= {u; v}. The closed intervals I [u; v] in a connected
graph G were studied and characterized by NebeskKy [8,9] and were also investigated
extensively in the book by Mulder [7], where it was shown that these sets provide an
important tool for studying metric properties of connected graphs. The intervals of an
oriented graph have been studied in [4]. We refer to the book [2] for concepts and
results on distance in graphs.





Certainly then, S ⊆ I [S]. A set S is convex if I [S] = S. The convex hull [S] of S is
the smallest convex set containing S. So S is a convex set in D if and only if [S]= S.
Certainly, the vertex set V (D) is convex. The convexity number con(D) of D is the
maximum cardinality of a proper convex set of D. We de>ne a convex set S to be
maximum if |S| = con(D). These concepts were introduced for graphs and studied
in [3]. To illustrate these concepts, we consider the oriented graph D of Fig. 1. Let
S1 = {u; v; w}, S2 = {u; v; w; x}, and S3 = {u; v; w; x; y}. Since I [S1] = S2, it follows that
S1 is not convex. On the other hand, I [S2]=S2 and so S2 is a convex set of D. But S2
is not a maximum convex set of D since S3 is a convex set with more vertices. Since
|S3|= 5 and D has order 6, S3 is a maximum convex set and so con(D) = 5.
An oriented graph is connected if its underlying graph is connected. Let D be a
disconnected oriented graph of order n without isolated vertices whose components Di
(16i6k) have order ni. Since con(D)=max(n− (ni− con(Di)), where the maximum
is taken over all Di for 1616k, we consider only connected oriented graphs.
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Fig. 1. An oriented graph D of order 6 with con(D) = 5.
2. Graphs with prescribed order and convexity number
Let D be a connected oriented graph of order n¿2. Since every singleton vertex set
is convex,
16con(D)6n− 1:
We >rst present a characterization of oriented graphs having convexity number n−1.
In order to do this, we need some additional de>nitions. The degree deg v of a vertex v
in an oriented graph is the sum of its indegree and outdegree, that is, deg v=id v+od v.
A vertex v is an end-vertex if deg v = 1. A transmitter is a vertex having positive
outdegree and indegree 0, while a receiver is a vertex having positive indegree and
outdegree 0. For a vertex u of D, let
N+(u) = {x | (u; x) ∈ E(D)} and N−(u) = {x | (x; u) ∈ E(D)}:
So if u is a transmitter, then N−(u) = ∅, while if v is a receiver, then N+(u) = ∅.
A vertex of D is a transitive vertex if (1) od u¿ 0 and id u¿ 0, and (2) for every
v ∈ N+(u) and w ∈ N−(u), (w; v) ∈ E(D).
Proposition 2.1. Let D be a connected oriented graph of order n¿2. Then con(D)=
n− 1 if and only if D contains a transmitter; receiver; or transitive vertex.
Proof. If D contains a vertex v that is a transmitter, receiver, or transitive vertex, then v
is the initial or terminal vertex of every geodesic containing v. Thus v 	∈ I [V (D)−{v}]
and so V (D)− {v} is convex in D. Hence, con(D) = n− 1.
For the converse, let D be a connected oriented graph of order n¿2 with con(D)=
n−1. Assume, to the contrary, that D contains no vertex that is a transmitter, receiver,
or transitive vertex. Since con(D)=n−1, there exists u ∈ V (D) such that S=V (G)−{u}
is a convex set of D. Then od u¿ 0 and id u¿ 0 as D contains neither transmitters nor
receivers. Since D contains no transitive vertices, there exist x ∈ N−(u) and y ∈ N+(u)
such that (x; y) 	∈ E(D). This implies that u lies on the x−y geodesic x; u; y in D and
so u ∈ [S], which is a contradiction.
Since each end-vertex is either a transmitter or a receiver in every oriented graph,
the following corollaries are immediate.
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Corollary 2.2. If D is a connected oriented graph containing an end-vertex; then
con(D) = n− 1.
Corollary 2.3. The convexity number of every nontrivial directed tree of order n is
n− 1.
We have seen that if a connected oriented graph D of order n¿2 has a transmitter,
a receiver, or a transitive vertex, then D has the largest possible convexity number,
namely n−1. At the other extreme, we now consider connected oriented graphs having
convexity number 1. Let
→
Cn : v1; v2; : : : ; vn; v1 be a directed n-cycle of order n¿3. For
every pair u; v of distinct vertices in
→
Cn, we have I [{u; v}]=V (
→
Cn) and so every vertex
of
→
Cn distinct from u and v lies in a u− v geodesic or in a v− u geodesic. Hence, if
S is a proper subset of V (
→
Cn) containing more than one vertex, then S is not convex.
Therefore, con(
→
Cn) = 1. However, not only is [{u; v}] = V (
→
Cn) for every two distinct
vertices of
→
Cn, this, in fact, is true for all oriented graphs with convexity number 1.
Proposition 2.4. Let D be a connected oriented graph of order at least 3. Then
con(D) = 1 if and only if [{u; v}] = V (D) for every two vertices u and v in D.
Next, we show that if D is a connected oriented graph of order at least 4, then the
convexity number of D cannot be 2.
Theorem 2.5. There is no connected oriented graph of order at least 4 with convexity
number 2.
Proof. Assume, to the contrary, that there is a connected oriented graph D of order
n¿ 4 having convexity number 2. Let {u; v} be a maximum convex set of D. Since
[{u; v}] = {u; v}, it follows that D cannot contain both a u − v directed path and
a v − u directed path. Assume then that there is no v − u directed path in D. Let
U ={x |D contains a directed x−u path}. Since D contains no v−u directed path, v 	∈
U and therefore |U |6n−1. If U={u}, then u is a transmitter and so con(D)=n−1¿3
by Proposition 2.1. Hence |U |¿2.
Next, observe that D has no arc of the form (w; x), where x ∈ U and w ∈ V (D)−U .
If there were such an arc (w; x), then, since D contains a directed x− u path, it would
follow that D contains a directed w − u path. But then, by the de>nition of U , we
would have w ∈ U , a contradiction. Now, since D has no arc of the form (w; x), where
x ∈ U and w ∈ V (D) − U , every geodesic connecting two vertices of U uses only
vertices in U . Thus, U is convex.
Since con(D)=2 and U is a convex set with 26|U |6n−1, it follows that |U |=2.
Let U = {u; x}. Since there is no arc in D with its initial vertex in V (D)−U and its
terminal vertex in U , it follows that x is a transmitter and so con(D) = n − 1¿3, a
contradiction.
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We have seen that 16con(D)6n − 1 and con(D) 	= 2 for every oriented graph D
of order n¿4. Next, we show that every pair k; n of integers with 16k6n−1, k 	= 2,
and n¿4, is realizable as the convexity number and order of some connected oriented
graph.
Theorem 2.6. For every pair k; n of integers with 16k6n − 1; k 	= 2; and n¿4;
there exists a connected oriented graph of order n with convexity number k.
Proof. Let n¿4. If k = 1, then the directed cycle of order n has the desired property
since con(
→
Cn) = 1. If k = n − 1, then the directed path
→
Pn has the desired property.
So, we may assume that 36k6n − 2. Let D be obtained from the directed cycle
→
Ck : v1; v2; : : : ; vk ; v1 and the directed path
→
Pn−k : u1; u2; : : : ; un−k by adding the two
arcs (v1; u1) and (un−k ; v3).
We show that con(D) = k. Since V (
→
Ck) is convex, con(D)¿k. Next, we show that
con(D)6k. Let U = {u1; u2; : : : ; un−k}. For ui; uj ∈ U , where 16i¡ j6n− k, observe
that [{ui; uj}]=V (D). Hence, if S0 is a set of vertices of D containing two vertices of
U , then [S0]=V (D). Moreover, [{vi; uj}]=V (D) for i=1; 3 and 16j6n−k. Assume,
to the contrary, that con(D)¿k. Let S be a proper convex set of D with |S|¿k + 1.
Since S contains at most one vertex of U , it follows that S = V (Ck) ∪ {uj}, where
16j6n−k. This implies that {v1; uj}⊆ S and so [S]=V (D), which is a contradiction.
Therefore, con(D) = k.
3. Orientable convexity numbers
For a nontrivial connected graph G, the lower orientable convexity number con−(G)
of G is the minimum convexity number among the orientations of G and the upper
orientable convexity number con+(G) is the maximum such convexity number, that is,
con−(G) = min{con(D) :D is an orientation of G};
con+(G) = max{con(D) :D is an orientation of G}:
Hence, for every nontrivial connected graph G of order n,
16con−(G)6con+(G)6n− 1:
For a nontrivial connected graph G of order n and a vertex v of G, we can direct
all edges of G that are incident with v away from v and direct all other edges of
G arbitrarily, producing an orientation D of G with a transmitter. Then it follows by
Proposition 2.1 that con(D) = n− 1, which we state next.
Proposition 3.1. Every nontrivial connected graph G of order n has upper orientable
convexity number n− 1.
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Consequently, we are only concerned with determining the lower orientable convexity
number of a connected graph. First observe that if a nontrivial connected graph G of
order n contains an end-vertex, then it follows by Proposition 2.1 that con(D) = n− 1
for every orientation D of G. This observation yields the following.
Proposition 3.2. For n¿2; if a graph G of order n contains an end-vertex; then
con−(G) = n− 1. In particular; con−(T ) = n− 1 for every tree T of order n.
On the other hand, the directed cycle
→
Cn of order n¿3 has convexity number 1,
which implies the following.
Proposition 3.3. For n¿3; con−(Cn) = 1.
Before we determine the lower orientable convexity numbers of the complete graph
Kn and complete bipartite graph Ks; t , where 26s6t, we present a lemma.
Lemma 3.4. Let A and B be sets of vertices in a connected oriented graph. If A⊆B;
then [A]⊆ [B]:
Proof. Let w ∈ [A]. If w ∈ A, then certainly w ∈ B⊆ [B]. If w 	∈ A, then w lies in a
u− v geodesic for some u; v ∈ A. Since u; v ∈ B as well, w ∈ [B]. Hence [A]⊆ [B].
Letting A= S and B= [T ] in Lemma 3.4, we have the following corollary.
Corollary 3.5. If S and T are sets of vertices in a connected oriented graph D such
that [S] = V (D) and S ⊆ [T ]; then [T ] = V (D).
The following is now an immediate consequence of Corollary 3.5.
Corollary 3.6. Let D be a connected oriented graph of order at least 3. If [S]=V (D)
for some 2-element set S of vertices of D and S ⊆ [T ] for every 2-element set T of
vertices of D; then con(D) = 1.
We are now prepared to show that the lower orientable convexity number of each
complete graph and every complete bipartite graph that is not a tree is 1.
Proposition 3.7. For n¿3; con−(Kn) = 1.
Proof. Since con−(K3) = 1 by Proposition 3.3, we assume that n¿4. Let V (Kn) =
{v1; v2; : : : ; vn}. We de>ne an orientation D of Kn as follows: Orient the edge v1vn as
(vn; v1) and orient all other edges vivj as (vi; vj) if and only if i¡ j (see Fig. 2). Let
S = {v1; vn} and let T be any 2-element subset of V (D). We verify that con(D) = 1
by showing that [S] = V (D) and S ⊆ [T ]. Once this is done, the desired result follows
from Corollary 3.6.
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Fig. 2. An orientation D of Kn with con(D) = 1.
Fig. 3. An orientation D of K3;4 with con(D) = 1.
Since v1; vk ; vn is a v1−vn geodesic for each k with 26k6n−1, we see that vk ∈ [S]
for each k. Thus, [S] =V (D). Now, let T = {vi; vj}, where 16i¡ j6n. Certainly, we
may assume that T 	= S. Suppose >rst that T = {v1; vj}. Since vj; vn; v1 is a vj − v1
geodesic in D, it follows that vn ∈ [T ]. Thus, S ⊆ [T ]. If T={vi; vn}, then since vn; v1; vi
is a vn − vi geodesic in D, we see that v1 ∈ [T ]; so S ⊆ [T ]. Finally, if 1¡i¡j¡n,
then vj; vn; v1; vi is a vj − vi geodesic in D, so S ⊆ [T ]. By Corollary 3.6, [T ] = V (D).
Proposition 3.8. For integers s and t with 26s6t; con−(Ks; t) = 1.
Proof. Let U ={u1; u2; : : : ; us} and V ={v1; v2; : : : ; vt} be the partite sets of Ks; t , where
26 s6 t. Let D be the orientation of Ks; t whose arc set consists of the arcs (u1; v1),
(v1; ui), (vj; u1), and (ui; vj), where 26 i6 s and 26 j6 t. This orientation D of K3;4
is shown in Fig. 3.
We now show that con(D)=1. Let S={u1; v1} and let T ={x; y} be any 2-element
subset of V (D). As in the proof of Proposition 3.7, once we have shown that [S]=V (D)
and S ⊆ [T ], the result follows by Corollary 3.6. Since each path v1; ui; vj; u1 with
26i6s and 26j6t is a v1 − u1 geodesic in D, it follows that [S] = V (D). We need
only consider those cases for which T 	= S and exhibit an x − y geodesic containing
both u1 and v1 in each case.
If T = {u1; vj}, where j¿2, then the directed path u1; v1; u2; vj is a u1 − vj geodesic.
If T = {ui; v1}, where i¿2, then the directed path ui; v2; u1; v1 is a ui − v1 geodesic.
With T ={ui; vj}, where 26i6s and 26j6t, we have the vj−ui geodesic vj; u1; v2; ui.
Taking T = {u1; ui}, where 26i6s, we see that u1; v1; ui is a u1 − ui geodesic. For
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T = {ui; uj}, where 26i¡ j6s, the path ui; v2; u1; v1; uj is a ui − uj geodesic. If T =
{v1; vj} with 26j6t, we see that vj; u1; v1 is a vj−v1 geodesic. Finally, for T={vi; vj},
where 26i¡ j6t, then path vi; u1; v1; u2; vj is a vi − vj geodesic. Since S ⊆ [T ] for all
2-element sets T of vertices of D, it follows by Corollary 3.6 that [T ]=V (D). Therefore,
con(D) = 1 and so con−(Ks; t) = 1.
We have seen that con+(G)=n−1 for every nontrivial graph of order n. Moreover,
if a nontrivial graph G of order n contains an end-vertex, then con−(G) = n − 1
by Corollary 3:2. Hence, con+(G) = con−(G) = n − 1 for every nontrivial graph G
of order n containing end-vertices. For this reason, we now only consider connected
graphs without end-vertices. Since no orientation of a triangle-free graph can contain
a transitive vertex, the following lemma is a consequence of Proposition 2.1.
Lemma 3.9. Let G be a nontrivial connected; triangle-free graph of order n. An
orientation D of G has convexity number con(D)¡n−1 if and only if D has neither
a transmitter nor a receiver.
Theorem 3.10. If G is a nontrivial connected; triangle-free graph of order n without
end-vertices; then con−(G)6n− 2.
Proof. It suNces to construct an orientation D of G with con(D)¡n−1. If G has odd
vertices, then partition the set of odd vertices in G into pairs. We join the vertices in
each pair by an edge, denoting the resulting eulerian multigraph by M . It is convenient
to color each edge of G blue and each edge of M − E(G) red. Let C be an eulerian
circuit of M , and orient each edge of M according to a traversal about C. Each vertex
of the resulting multidigraph D0 has positive indegree and positive outdegree. Since
each vertex incident with a red edge has degree at least 3 in G, and therefore degree at
least 4 in M , the indegree and outdegree of each such vertex is at least 2 in D0. When
the red arcs of D0 are removed, an orientation D of G is obtained. Since the indegree
and outdegree of each vertex in D is positive, D has no transmitters or receivers. By
Lemma 3.9, con(D)¡n− 1.
Since bipartite graphs have no odd cycles, we have the following corollary.
Corollary 3.11. If G is a nontrivial connected bipartite graph of order n without
end-vertices; then con−(G)6n− 2.
4. The lower orientable convexity numbers of outerplanar graphs
A graph G is outerplanar if it can be embedded in the plane so that every vertex of
G lies on the boundary of the exterior region. An embedding of an outerplanar graph
with this property is called an outerplanar embedding. For a planar embedding of a
connected planar graph G that is not a tree, denote by H that multigraph obtained
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Fig. 4. A planar graph G and its interior dual H .
from the dual of G by deleting the vertex corresponding to the exterior region in this
embedding. Thus, H is constructed in the following manner: Let R1; R2; : : : ; R‘ (‘¿1)
be the interior regions of G. De>ne V (H)={v1; v2; : : : ; v‘}, where vi is placed in region
Ri for 16i6‘. Two vertices vi and vj are joined by an edge in H for each edge that
the boundaries of Ri and Rj have in common. An edge joining vi and vj is drawn
so that it crosses each edge on the boundaries of Ri and Rj exactly once and crosses
no other edge of H or G. The multigraph H is called the interior dual of G. If G
is an outerplanar graph and we are given an outerplanar embedding of G, then the
boundaries of Ri and Rj (16i¡ j6‘) can only have one edge in common, which we
denote by eij. Thus the interior dual of an outerplanar embedding of an outerplanar
graph is a graph. An outerplanar embedding of an outerplanar graph G and its interior
dual H are shown in Fig. 4. Of course, the interior dual of every planar graph G is
planar. However, more can be said if G is outerplanar.
Lemma 4.1. Let G be a connected planar graph that is not a tree. The interior dual
of some planar embedding of G is acyclic if and only if G is outerplanar.
Proof. First, assume that G is outerplanar. Let H be the interior dual of an outerplanar
embedding of G. If G has at most two interior regions, then obviously H is acyclic.
Thus, we may assume that G has ‘¿3 interior regions. Using the notation described
above, let R1; R2; : : : ; R‘ denote the interior regions. Also, let V (H) = {v1; v2; : : : ; v‘},
where the vertex vi is placed in Ri for 16i6‘.
If Ri and Rj (16i¡ j6‘) are adjacent regions in G, then eij is the unique edge that
is on the boundaries of both Ri and Rj. Furthermore, vivj is drawn so that it crosses
the edge eij exactly once and crosses no other edge of H or G.
If H contains a cycle C, then C encloses a vertex of G. Since C lies completely
within the interior of G, this implies that G is not outerplanar, a contradiction.
For the converse, let G be a planar graph that is not outerplanar. Then every planar
embedding of G contains a vertex that belongs to the boundaries of interior regions
only. However, the edges of G incident with v produce a cycle in H , and so H is not
acyclic.
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Fig. 5. The interior dual of an outerplanar graph.
We note that not all planar embeddings of an outerplanar graph have acyclic interior
duals (see Fig. 5).
Corollary 4.2. For every outerplanar embedding of a connected outerplanar graph
G; there is an orientation of G all of whose interior regions have directed cycles for
their boundaries.
Proof. If G has at most one interior region, then the result is obvious. So we may
assume that G has two or more interior regions. By Lemma 4.1, the interior dual H of
G is acyclic and so H is bipartite. This implies that the interior regions of G can be
properly 2-colored red and blue so that adjacent regions have diPerent colors. We now
orient all edges on the boundary of a red interior region clockwise, all edges on the
boundary of a blue interior region counterclockwise, and any other edges arbitrarily.
This orientation has the desired property.
Theorem 4.3. The lower orientable convexity number of every 2-connected outerpla-
nar graph of order n is at most n− 2.
Proof. Let there be given an outerplanar embedding of a 2-connected outerplanar graph
G. By Corollary 4.2, G has an orientation D all of whose interior regions have directed
cycles for their boundaries. Since each vertex of D lies on the boundary at least one
interior region and therefore on a directed cycle in D, no vertex of D is a transmitter
or a receiver. If G contains a triangle, say C, then, since G is outerplanar, C deter-
mines the boundary of an interior region R of G. Since the boundary of R in D is a
directed 3-cycle, D has no transitive triangle and therefore no transitive vertex. Since
D has no transmitter, receiver, or transitive vertex, it follows by Proposition 2.1 that
con−(G)6n− 2.
A outerplanar graph G is maximal outerplanar if for every pair u; v of nonadjacent
vertices of G, the graph G+ uv is not outerplanar. Thus in any outerplanar embedding
of a maximal outerplanar graph G of order at least 3, the boundary of every interior
region of G is a triangle. The following lemma is well known [6, p. 107].
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Fig. 6. A subdigraph of the orientation D.
Lemma 4.4. Every maximal outerplanar graph G of order at least 3 is 2-connected
and has at least two vertices of degree 2.
We can now determine the exact value of the lower orientable convexity number of
a nontrivial maximal outerplanar graph.
Theorem 4.5. Every nontrivial maximal outerplanar graph has lower orientable con-
vexity number 1.
Proof. This result is certainly true for K2. We prove the theorem for maximal outer-
planar graphs of order at least 3 by establishing the truth of the following statement:
Let there be given an outerplanar embedding of a maximal outerplanar graph G of
order at least 3. If D is an orientation of G all of whose interior regions have directed
cycles for their boundaries, then D is strongly connected and con(D) = 1. We proceed
by induction on n.
If n = 3, then G = C3. There is one interior region and the only orientations for
which the boundary of the interior region is a directed cycle are obtained by orienting
G as a directed 3-cycle. Each such orientation D is strongly connected and con(D)=1
by Proposition 3.3.
Assume that the statement is true for all outerplanar embeddings of maximal outer-
planar graphs of a >xed order n¿3. Let there be given an outerplanar embedding of
a maximal outerplanar graph G of order n + 1, and let D be an orientation of G all
whose interior regions have directed cycles for their boundaries. By Lemma 4.4, G has
at least two vertices of degree 2. Let u be a vertex of degree 2 in G and let v and
w be the neighbors of u in G. Since G is a maximal outerplanar graph, the edge vw
is in G. Also, since G is a maximal outerplanar graph of order at least 4 and u has
degree 2, the edge vw is on the boundary of two interior (triangular) regions of G.
Thus, there is a vertex x distinct from u that is adjacent to both v and w. Without loss
of generality, assume that vw is oriented as (w; v) in D. Since the boundary of every
interior region is a directed cycle, uv and uw are oriented as (v; u) and (u; w), while
vx and wx are oriented as (v; x) and (x; w) (see Fig. 6).
Since the embedding of the maximal outerplanar graph G−u of order n is outerplanar
and D′ = D − u is an orientation of G − u all of whose interior regions have directed
cycles for their boundaries, D′ is strongly connected and con(D′) = 1. Since D′ is
126 G. Chartrand et al. / Discrete Applied Mathematics 116 (2002) 115–126
strongly connected and u is adjacent from v and to w in D, it follows that D is
strongly connected. It remains, therefore, to show that con(D) = 1.
Since u is adjacent in D only from v and to w and both v; u; w and v; x; w are v−w
geodesics, it follows that for every pair y, z of vertices in D′, the distance from y to
z in D′ equals the distance from y to z in D. Thus, for every subset S of V (D′), the
convex hull [S]D′ of S in D
′ is a subset of the convex hull [S]D of S in D. If S is a
subset of V (D′) having cardinality at least 2, then [S]D′ = V (D
′) since con(D′) = 1,
which implies that V (D′)⊆ [S]D. In particular, {v; w}⊆ [S]D′ ⊆ [S]D for every subset
S of V (D′) with |S|¿2, and therefore [{v; w}]D⊆ [S]D. Furthermore, since v; u; w is a
v−w geodesic in D, it follows that u ∈ [{v; w}]D. Because V (D′)⊆ [{v; w}]D, we see
that [{v; w}]D = V (D). Recalling that [{v; w}]D⊆ [S]D for every subset S of D′ with
|S|¿2, it follows that [S]D = V (D) as well.
Since every nontrivial path in D terminating at u contains v and every nontrivial path
in D beginning at u contains w, it follows that if S is a subset of V (D) with |S|¿2
that contains u, then {v; w} ∈ [S]D. However, [{v; w}]D⊆ [S]D and [{v; w}]D = V (D),
so [S]D = V (D). Hence con(D) = 1.
We conclude with the following conjecture.
Conjecture 4.6. Let G be a nontrivial connected graph. Then con−(G) = con+(G) if
and only if G contains end-vertices.
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